Simion, R., Trees with l-factors and oriented trees, Discrete Mathematics 88 (1991) 93-104.
Introduction
Given a graph G on n vertices and a sequence f = (d,, d,, . . . , d,) of nonnegative integers, G has an f-factor if there exists a subgraph of G in which the degree of the ith vertex is equal to d,. In particular, G has a l-factor (f = (1, 1, . . . , 1)) if II is even and if there exist n disjoint edges in G. A l-factor constitutes a complete matching of the vertices of the graph. Classical results regarding f-factors and matchings are due to Tutte Konig [7] , Ore [lo] ,
Hall [3] . See also [l] . We are concerned here with trees which admit a l-factor. For short, we will call such trees matched. The first observation regarding l-factors in trees is the following fact. This can be easily verified, for example, by induction. The uniqueness of the matching will be useful in many of the proofs following.
In a separate paper, [ll] , we dealt with enumerative results regarding labeled matched trees: the number of labeled matched trees on 2n vertices in (2n)! 2*-%"-*/n ! ; for any fixed integer d > 1 and for n >> 0, a vertex selected uniformly at random from the collection of labeled matched trees on 2n vertices, will have degree d with probability -(2d -1)/2d(d -l)! e. The analogous question for all labeled trees was treated by Renyi; there the probability is -l/((d -l)! e). In [II] it is also shown that, if M2n,k denotes the number of labeled matched trees on 2n vertices having exactly k vertices of degree 1, then the sequence {M2n,k}k is unimodal, in fact, logarithmically concave. Thus, [ll] deals with questions on degree distribution in labeled matched trees.
Here we are concerned with planted, rooted, and unlabeled matched trees, identity matched trees, and connections with oriented trees.
In Section 1 we present the generating functions for the types of matched trees mentioned above. Recall that an identity tree is one with trivial automorphism group. In determining these generating functions and, later, asymptotics, one can follow the general approach streamlined in [6] . Therefore we will limit the details of the presentation to those steps where adaptations had to be made to the specifics of matched trees. Recurrence relations are given, allowing the calculation of the number of matched trees of various types: rooted, planted, unlabeled, rooted identity trees, etc.
In Section 2 we establish a connection between matched trees and oriented trees, i.e. trees all of whose edges are assigned, independently, an orientation. We construct bijective correspondences between certain classes of matched trees and oriented trees.
In the last section, using asymptotic formulae for the number of matched trees, we show that, as expected, almost all matched trees have nontrivial automorphisms and, using results from Section 2, we also obtain asymptotics for the number of self-converse oriented trees. An oriented tree is self-converse, if it is isomorphic, as a directed graph, to the oriented tree obtained from it by reversing the orientation of every edge.
In the interest of completeness, we include, with references but no proofs, several characterizations of matched trees. 
Generating functions
We will use the following notation: r,,, p2,,, and mzn denote, respectively, the number or rooted, planted and unlabeled matched trees on 2n vertices. We first examine the ordinary generating functions (GF) L%!(x) = EnSO rznxn, for rooted matched trees, SP(x) = CnzOp2~xn, for planted matched trees, and
A(x) = CnzO mZnxn, for unlabeled matched trees.
Theorem 1.1. The following relations hold:
(a) 2(x) =x exp{2 z i Wx')}; I-
Proof. (a) Every rooted matched tree T can be decomposed into an ordered pair of forests whose components are rooted matched trees; the first forest has all roots adjacent to the root of T, the second forest has all its roots adjacent to the vertex with which the root of T is paired in the unique matching of T. Now (a) follows routinely.
(b) Consider the same decomposition as in (a) for a planted tree T. Then the first forest discussed above is empty, hence, 9(x> =x ew{Fl f a}, I- which is equivalent to (b). (c) We sum Otter's formula [5, p. 561, 1 =p* -(q* -s), over all matched unlabeled trees on 2n vertices and obtain
where L(x) is the ordinary GF for the number of matched trees rooted at an edge which is not a symmetry edge. The trees in which the root-edge is not part of the matching can be uniquely decomposed into two distinct rooted matched trees;
hence, they contribute to L(x)
The trees whose root-edge is part of the matching can be decomposed into two distinct planted matched trees overlapping along the edge incident to their roots. Therefore,
is the contribution of such trees to L(x). Now summing (1) and (2) gives L(x) and, using (b) we obtain (c). Among matched trees on 2n vertices we wish to count now those whose automorphism group is trivial, called identity matched trees. Let A(x) = C aZnxn, R(x) = C b2,,xn and P(x) = C cZnxn be the ordinary GF's for the number of unlabeled, rooted and planted identity matched trees, respectively.
Proof. (a) As in the proof of Theorem 1.1, an identity rooted matched tree can be decomposed into two distinct forests consisting of identity rooted trees, with the additional property that the trees in each forest are non-isomorphic.
Thus,
which is equivalent to the above claimed relation (a). (b) In the case of planted matched identity trees, the decomposition from part (a) leads to P(x) =x n (1 -Xk)% k which is equivalent to P"(x) = xR(x).
R. Shim
(c) Since we deal with identity trees, Otter's formula becomes simply 1 =p -q. Summing this relation over all matched identity trees with 2n vertices, we obtain
where U,(X) and U&K) are the ordinary GF's for identity matched trees with a root at a vertex and a root at an edge, respectively.
Such trees have trivial automorphism groups not only as rooted trees (at a vertex, or at an edge) but also if the root is no longer distinguished. Therefore
where v(x) is the GF for those trees accounted for in Ui(x) which have symmetries if the root is no longer distinguished, and F(x) is the GF for matched trees rooted at an edge and having no symmetries as such.
and we now need to determine F(x) and V,(x) -V,(x). In the above we have followed the approach appearing in [5] , where the GF for identity trees is treated. In the remainder of the proof the specifics of matched trees will come into play in that trees rooted at an edge will have to be treated separately according to whether or not the root-edge belongs to the matching of the tree.
Toward F(x), trees rooted at an edge not in the matching contribute
since we form such a tree from two different identity (vertex) rooted trees.
(unique)
matched The contribution from trees rooted at an edge which is part of the matching is
since each pair of distinct identity planted matched trees yields a different identity edge-rooted matched tree through identification of one's root with the neighbor of the root of the other. Thus, by adding (4) and (5) we get F(x) = ;[ P(x) -R(x2) +i P"(x) -; P(x")].
As it is done in the case of all identity trees, we shall examine the contribution to V,(x) -V,(x) of a particular tree T which has symmetries. In our case, T will be a matched tree.
If T has no symmetry line, then its contributions to V,(x) and V*(x) cancel.
If T has a symmetry line, say e, then in order for the symmetries of T to be eliminated by vertex or edge rooting, T must consist of two copies of an identity rooted tree t whose roots are joined by e. If t is rooted at any one edge or any one vertex, then the symmetry of T is eliminated; hence T contributes one unit to the appropriate coefficient of V,(x) -V,(x). Therefore we must count such matched trees T: if e is not in the matching we have R(x*) accounting for T; otherwise, we have (l/x)P(x*). Consequently, v,(x) -v,(x) = R(2) + i I+").
Finally, substituting (6) and (7) into (3) and using part (b), we obtain the claimed result. 0
From the relations satisfied by the generating functions we deduce the following corollary. 
A correspondence with oriented trees
Connections between matched trees on 2n vertices and oriented trees on n vertices will now be established. As before, r2,, p2,,, and rn2" are the number of rooted, planted, and unlabeled matched trees on 2n vertices, respectively.
Let also d,, o, and s, be respectively the number of rooted, unlabeled, and unlabeled self-converse oriented trees on n vertices. Proof. Let t be a rooted matched tree on 2n vertices. We label the vertices of t strictly for convenience in describing the construction of the rooted oriented tree corresponding to it. Let A be the set consisting of those vertices whose distance to the root is even, and B be the complement of A. Construct a rooted oriented tree T on n vertices as follows: T has one vertex x corresponding to each pair of vertices (a, 6) in the unique matching of t; x is the root of t iff x corresponds to the pair of the matching which contains the root of t; if x and y are vertices in T corresponding to the matched pairs (a, b) and (c, d) of t, then x and y are adjacent iff one of (4 c>, {a, 4, {b, c> or {b, 4 are adjacent in t; if, say, a and c are adjacent in t, then the edge between x and y is oriented toward y iff a lies in A.
It is easy to check that, this construction is invertible. 0 Proof. Several different proofs are possible, based, e.g., on induction, or on a quantitative version of Hall's condition for the existence of a perfect matching [3] . We give here a proof which seems to us more elegant. oriented tree corresponding to t. Note that a vertex of T whose indegree or outdegree is zero will correspond to an endpoint in t belonging to B or to A, respectively.
Since any oriented tree has vertices of both these kinds (by virtue of being a finite, directed graph with no directed cycles), the corollary follows. 0
Remarks. Of course, trees in general do not have the property of Corollary 2.3;
for instance, stars K1,, with m > 1, have all endpoints at even distance from one another.
There exist matched trees on arbitrarily many vertices having all but one endpoint in the same color class. E.g., see Fig. 4 . Proof. (a) Let T be a self-converse oriented tree on 2n vertices, and let y be the automorphism between T and its converse T*. There exists a unique edge x + y such that y(x) = y, y(y) = x. Therefore T can be decomposed uniquely into two rooted oriented trees, to rooted at x, and r1 rooted at y, such t1 = to*. Let t be unique rooted matched tree corresponding to to as in Theorem 2.1. Then claimed bijection associates t with T. Conversely, to recover T from I the the we construct t,, as in Theorem 2.1, and direct an edge from the root of to to the root of to*.
(b) If T is a self-converse oriented tree on 2n -1 vertices, then there is a unique vertex x in T such that y(x) = X. Necessarily indegree = outdegree( Then T can be decomposed into two oriented trees to, ti on n vertices, overlapping at X, both rooted at X, with t1 = to* and x having outdegree zero in to. By Theorem 2.1, co will correspond uniquely to a rooted matched tree on 2n vertices, and in fact the root will be an endpoint. Thus T corresponds to a unique planted matched tree on 2n vertices. This construction is easily seen to be reversible. 0
Asymptotic results
We first treat the number of rooted matched trees. Let r be the radius of convergence of the generating function %(x) appearing in Theorem 1.1(a). From Theorem 2.1, r,, = d, s 2"-' T,, where T, = # rooted trees on n vertices. Hence, 2(x) s 3 C, (2x)"T,, = +T(2x), and the GF T(x) is known (see, e.g., [5] The value of bl is determined by the equation b; = $ + c r'-%Y(r').
ia2
The relation obtained in Theorem 1.1(b) shows that P?(x) has the same radius of convergence, r, as S?(x) and that P(r) = m.
By comparing the expansions of x%(x) and F(x) in powers of (r -x)' one obtains b, -_r-n+l . n-f.
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